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where K, is the modified Bessel function of the second kind. The
Fourier transform of f,(w) = cos wA, is given by

Fy(a)=n[8(a—Ay)+8(a+4,)]. (A13)

Using (A12) and (Al13), the Fourier transform of fy(w)=
f1(w@)fo(w) can easily be found

n1/2
F(@) = Kol k(224 (= 4,))) 7}
+ KO{ k(L +(at A0)2)1/2} . (Al4)
Using (A14) in the Poisson summation formula
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after some algebraic manipulation we have
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The modified Bessel function of the second kind decays rapidly
so that, as L — 0, the only significant terms in (A16) are those for
n = 0, hence
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Substituting (A17) into (A9), we have
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By substituting (A8) and (A18) into (18), (20) is obtained.
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Slow-Wave Propagation in Two Types of Cylindrical
Waveguides Loaded with a Semiconductor

CLIFFORD M. KROWNE, SENIOR MEMBER, IEEE

Abstract —For a parallel-plate waveguide and a microstripline loaded
with a semiconductor slab of resistive (or active) character, the complex
propagation constant y is determined. v is found for higher order branches
for microwave and millimeter-wave frequencies between 10 and 140 GHz,
representing a study of phase velocity slowing (and attenuation).

I. INTRODUCTION

Slow-wave structures and devices are important because of the
many applications to which they have been applied and to which
they may be applied in the future. Applications using an elec-
tron—electromagnetic interaction include devices such as the
solid-state traveling-wave amplifier, solid-state magnetron, dis-
tributed FET, and distributed amplifier. Applications using only
the electromagnetic slowing effect include the variable phase
shifter, voltage-tunable filter, delay line, and variable coupling
coefficient directional coupler.

It is the intent of this paper to obtain an idea of the
millimeter-wave slowing behavior of cylindrical waveguide struc-
tures loaded with a semiconductor slab. To accomplish this task,
two structures are examined: a parallel-plate waveguide and a
microstripline, both loaded by a dielectric—semiconductor two-
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layered medium. The complex propagation constant y is found
numerically for these two structures to determine the basic at-
tenuation and slowing properties for many branches of the dis-
persion diagram. The class of materials such as GaAs and InP
and their related ternary and quaternary alloys are considered
here (see [1]-for silicon).

Due to the propagation behavior of the closed waveguide
considered in this study, the isotropic resistive differential con-
ductivity ¢ > 0 results also represent o < 0 results for the same
set of parameters if the real part of the propagation constant has
its sign reversed when o has its sign reversed. Thus, for a
particular value of o > 0, the low dc field microwave conductivity
results may be interpreted as high dc field negative differential
microwave conductivity results by merely setting the new conduc-
tivity to — o and reading off the propagation constants from the
relevant figures with an appropriate sign reversal in the real part.
This does not mean in actual practice that the high-field micro-
wave conductivity is isotropic. The tensor nature of the micro-
wave conductivity will certainly depend on the number of or-
thogonally applied dc bias electric fields. It is not within the
scope of this paper to suggest specific ways of obtaining micro-
wave conductivities less than zero at very high frequencies, which
may prove to be a very difficult problem.

In the past, attention has been focused on the fundamental
parallel-plate TM branch or the fundamental covered microstrip
branch [2]-[5], and the fundamental coplanar line branch [6], [7],
all at microwave frequencies and lower. No study of slow-wave
behavior involving examination of the higher order branches at
millimeter-wave frequencies has been done. This paper addresses
that problem.

II. PARALLEL-PLATE WAVEGUIDE

A. Theory

Fig. 1 shows a cross-sectional diagram of the parallel-plate
waveguide structure. Medium 1 has thickness b, = y;, complex
permittivity €], and complex permeability ;. Medium 2 has
thickness b, = — y,, complex permittivity €, and complex per-
meability p,. By using the transverse resonance method for a
transverse magnetic-field solution to the z-direction TM, and the
separation equation, one obtains

‘)/,.2+yz+k,»2=0

M

and
Y
Z?ta‘nh(yibi)=0 (2)

i v

where ; and €/ are the complex permeability and permittivity in
the ith medium (i =1 is dielectric, i = 2 is semiconductor). y, are
the transverse separation constants.

Combining (1) and (2) yields the dispersion relationship for the
complex propagation constant. The dispersion equation can be
written in terms of normalized variables by defining ¥ = v/B, =
@+ jB where 8,=w/c,. Here we treat a lossless dielectric
medium, Im(e]) =0, and a semiconductor medium 2, both layers
being nonmagnetic u; = g, = free-space permeability. By replac-
ing the TM, wave impedance in (2) by the TE, wave impedance,
the transverse resonance condition for the TE, field solution is

% Etanh () 0. 3)

Combining (1) and (3) provides the dispersion relation for y.
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Fig. 1. Cross section of two medium loaded parallel-plate waveguide.
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Fig. 2. « (nepers/mXx10%) and B versus f for TM, parallel-plate modes.

€1=€,=12,b;=03 pm, b, = 200 pm, and 6 =10 /m,

B. Numerical Results

Muller’s method is used to determine the ¥ =7, eigenvalue
solutions to (1)—(3) where »=10,1,2,--- indicates the particular
branch ordered according to decreasing B8, n = 0 being the lowest
or fundamental branch with the largest slowing factor 8. The
notation for n agrees with [1] (agreement with their Fig. 3 results
is within 5 percent for the silicon-like system ¢, = 4.5, €,, =12,
b, =03 pm, b, =190 pm, and ¢=10% B /m) for TM, in the
¢ = 0 limit, where n = 0 is the quasi-TEM case.

Figs. 2 and 3 give the y results for 10 GHz < f <140 GHz as
B and « versus f plotted in each figure where ¢, =¢,, =12,
b, =0.3 pm, b, =200 pm, and ¢ =10° § /m. Nominal values of
€,; could correspond to depleted GaAs—GaAs layers. g >1 indi-
cates phase velocity smaller than that for free space. Behavior of
@ and B relative to one another may be obtained by defining a
transmission Q factor as w times the ratio of average energy in a
volume section of the waveguide to average energy dissipated in
the same volume, or Q =B /2&. Evaluation of Q at 10 and 140
GHz shows that for all modes in Figs. 2 and 3, Q increases with
f. For TE, modes, the ratio R = Q,,,/0;, rises with increasing
branch number, being about 6 for n=0 and 14 for n =3. This
trend indicates an improvement of the guiding structure with f in
regard to losses. Such Q improvement with rising f is correlated
with decreasing field penetration into medium 2 (with b, thick-
ness) due to a skin-effect phenomenon. An increasing portion of
the fields are contained in the lossless medium 1, as opposed to
being in medium 2 at lower frequencies. At 140 GHz, Q = 0.43
for the TE, n=0 branch. Q values are higher for the TM,
modes, being 0.56 for the n = 0 branch at 140 GHz.
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Fig. 3 aand B versus f for TE, parallel-plate modes. Same parameters as in

Fig. 4.

Adding electric walls at x = + a will change the parallel-plate
waveguide into a rectangular waveguide loaded with layered
regions. Such a waveguide is conveniently analyzed in terms of
TM, and TE, modes (the longitudinal section magnetic LSM
and electric LSE modes). Modal solutions may be classified as
even or odd according to the E, component symmetry in the
x-direction. The y solution is

2
ma
: Y3m=on+(‘E) (4)

where v, are the solutions for no wall effect. m is the order of
the sinusoidal vector potential argument (mwx /Fa), with F=1,2
for, respectively, odd or even symmetry. m is an integer starting
at 0 for even TM,, and odd TE,, and at 1 for odd TM,, and even
TE,. v, are identical to the solutions already found in Figs. 2
and 3. Setting a =5000 pm, B,, are found for m<6 to be
slightly smaller than B,, (by about 1 percent or less), the dis-
crepancy becoming more noticeable as m increases.

III. MICROSTRIPLINE

A. Theory

Fig. 4 shows a cross-sectional drawing of the partially open
microstrip structure. It has, besides the basic geometry seen in
Fig. 1, electric walls placed at x = £ a. These walls allow the use
of a discrete Fourier transform method enabling the current
distribution on the microstripline (|x| < w/2) and the fields to be
constructed from an infinite sum for the x dependence. Summa-
tion is preferable to an integral Fourier transform technique on
an infinite space with oscillatory integrands requiring numerical
evaluation. The sums demanding evaluation have acceptable con-
vergence behavior. Addition of the electric walls is not unlike
those discussed in Section II-B.

A superposition of the TM, and TE, fields in Section II-A
must be used to satisfy the boundary conditions (BC) at the
y = b, interface. This hybrid-mode approach is summarized be-
low [8]. Satisfaction of the tangential BC’s on E, and E. on the
x =+ a walls is required, noting that E,,(x,y) a {(x,y)=
magnetic vector potential, and employing an acceptable Fourier
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Fig. 4. Cross section of partially open microstripline.

series representation. A complete orthogonal set of exponential
functions capable of representing any function f(x), such as
¥V (x,y) on (—a,a) where j=e(TM,) or m(TE,)= electric
vector potential, enables the use of the following Fourier series
construction and associated transform (tilde denotes transform):

cos( k,x
(”)} (5)

—jsin(kpx)

F(py=[" 1) ax. (©)

In the second equality of (5), the cos(k,x) factor is used if
f(x)=even in x, and sin(k,x) used if f(x)=odd in x. The
field solution for the microstrip problem is decomposed into two
parts, the solution giving E.,(x,y) with even x symmetry and
the solution giving E,, with odd x symmetry. Even and odd
solutions are obtained by respectively setting k, = (p —})7/a,
prm/a.

Surface currents exist only on the microstripline (|x| < w/2),
Jx(x’ Y= bl) = Jx(x)’ and Jz(xs y= bl) = Jz(x) They can be
constructed from an infinite set of basis functions (Galerkin’s
method)

M, N

Jx.z(x) = Z cm']x,z:m(x)'

m=1

(M

Finite summation limits M and N in (7) indicate truncation after
a limited number of terms. Other BC’s to be satisfied are £, ; =
E:Z =0 (y == b2)’ Ex3 = Exl’ Hx3 = Hx2’ Ez3 = E:27 and H.:3 =
HJZ (y = 0)’ and

Hn:;l(x9bl)_Hx,:,Z(x’bl):i—']z.x(x)7 |x|§w/2

®
E., and H, at y=b, are found by applying all the BC’s in the
Fourier-transformed domain, realizing that the separation equa-
tion is
— k2t kPt =0. (9
In (9), v, are the y-direction complex propagation constants used
in the formulation of the magnetic (¢ or electric y{™ poten-
tials of the ith region in terms of hyperbolic functions (except in
region 1 where they are of the form e™").
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The dispersion relationship is used here with M = N=1 in (7)
and is of the form

AN (1,1) 45 (2, 2) A7(1,2) 45(2,1) =0

Atlr/:z(l’n)z Z j/l(p)Glnjkm(p)' (10)

r=1
Here G,, are the spectral Green’s function matrix elements
relating electric-field tangential components to surface current

components at the y = b, interface.

B. Numerical Results

To allow comparison of the numerical results to follow in this
section to those in Figs. 2 and 3, the microstrip parameters are set
to €, =¢,,=12, by =03 pm, b, =200 pm, a=5000 pm, w=
1000 pm, and ¢ =10 ©/m. Because the dispersion results are
not overly sensitive to the particular choice of current basis
functions, and to maintain simplicity, J,(x) and J (x) are con-
structed through (7) using one basis function apiece. Results for
M=N=3, using a complete basis function set, for example,
agree with the N = M =1 results to follow, to within 2 percent
[1]. These basis functions are

1 w
;‘;’ leéi

Ta(%) = y (1)
O) E<|X|SH

Ja(x)= y (12)
0, 5 <lxlsa

for the even modes. Basis functions for the odd modes are

-2 jx w
— Ixt<>

Ja(x)=¢ " (13)
0, ~ <|x|ga
2
W—cos( ), x| = 2

Ju(x) = - (19
0, 5<|x|§a

Fig. 5 demonstrates (six even-mode branches EH,-EH, are
plotted) the change in y going from a closed structure such as the
parallel-plate waveguide (Fig. 1) to the partially open structure
such as the microstripline (Fig. 4). (The odd-mode results are
very similar.} Although for low frequencies f < 20 GHz decreas-
ing B of the branches EH,,EH,, - - - corresponds to increasing a
(as in Figs. 2 and 3), this progression is disrupted at higher
frequencies, for example at 30 GHz. The progression is reversed
beyond 40 GHz for the branches EH, ~EHg, but this trend is not
necessarily true for the other higher order modes not plotted in
the figures. What appears to be occurring is that at high frequen-
cies, say 120 GHz, the EH, branch wave is being guided signifi-
cantly by the (open-air space)-layers combination. A wave is
brought into existence which samples appreciably the air environ-
ment with some of the electromagnetic field energy lying above
the y = b, interface. The effect is not as large for the EH, branch
wave relative to the EH; branch wave at 120 GHz, therefore its
:87 > Bl

Mixing of TM,, and TE, B values (Figs. 2 and 3) to generate
the mlcrostnphne results (Flg 5) occurs, with a greater TE,
contribution away from the 8 peak of a branch. These peaks can
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w=1000 pm, and 0 =10° ;5 /m.

be plausibly explained by referring to microstrip over a single
lossless dielectric substrate. As f rises, B or the effective dielec-
tric constant €.y rises, finally reaching e, the substrate value.
For the semiconductor loaded case at low f, a similar trend can
be expected since field penetration into the semiconductor layer
ought to be substantial (skin depth for PFig. 5 parameters is
roughly 160 pm at 10 GHz). However, such a process cannot go
on indefinitely because at large enough f, the carriers within the
semiconductor will screen the field from entering a moderate
portion of the layer from the overlying dielectric region (skin
depth is about 43 pum at 140 GHz). The second effect will
decrease ¢ or B because the layers above the semiconductor
have lower dielectric constants. Combination of the two above
effects, acting in opposition, produces 8 peaks.

IV. DiscussioN

Open waveguide structures considerably reduce the slowing 8
in relation to a closed structure as demonstrated here by the
microstripline and parallel-plate numerical data. If 8 =8 is taken
as a measure of adequate or sizeable slowing, then this value is
attained (or exceeded) over the entire 10-140-GHz range by the
first two parallel-plate TM, mode branches for the GaAs system.
Only the first TE, branch satisfies B = 8, but only up to f =110
GHz. The other TM, branches have B > 8 below f = 39 GHz.
For the other two TE branches, B > 8 is never obtained. BEH
(even) > 8 at progressively higher i branches but with decreasmg
bandwidths BW, the BW being BW =13 GHz when i = 6, centered
at 37 GHz.

These results show, at least for the open microstripline, that 8
won’t exceed 8 beyond about 40 GHz. ¢ =10° 8 /m was chosen
as a calculation value because evidence indicates a maximization
of the slowing effect in the 10° < 6 <10* Q /m interval. This o
value corresponds approximately to a donor doping density N,
of 1.8x10'* ecm™3 at room temperature. One expects by the
proper choice of geometric parameters and ¢ to be able to
increase B above the numerical data reported here for some of
the branches. Validity of this supposition can be tested by
calculating B at 100 GHz for the parallel-plate waveguide using
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the following parameters: €, =¢,, =12.8, b,=0.3 pm, b, =25
am, and 6 = 6Xx10% 8 /m. Such parameters could correspond to
a GaAs sample at room temperature with N, =1.2x10" cm™>.
B increased from 9.24 (Fig. 2) to 20.97 with a 3.7-percent increase
in @ to 1.96 X10* nepers/m. Although the B increase due to a
change in parameters is impressive for the parallel-plate wave-
guide at 100 GHz, the open microstrip numerical data seen here
suggest that increases of 7.4:1 and 61:1 for respectively the EH,
and EH, branches are required to place B above 8.
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Adjustment of In-Phase Mode in Circulators Using
Turnstile Junctions

J. HELSZAJN, MEMBER, IEEE, AND J. SHARP

Abstract —The adjustment of the counter-rotating modes of waveguide
circulators using weakly magnetized turnstile junctions is fairly well under-
stood, but some uncertainty about the definition of the in-phase mode still
remains. The purpose of this paper is to remedy this situation by experi-
mentally evaluating the in-phase eigenvalue s, for different filling factors
and radial wavenumbers of the in-phase resonator. This is done by using
the unitary condition to derive four possible relationships between the
in-phase and counter-rotating eigenvalues s, and s,, and the scattering
variable S,,, and using one or another of them to form s,. The situation
for which s, is in anti-phase to s; corresponds to the first classic
circulation condition of this class of device and is also derived.

I.. INTRODUCTION

The construction of the 3-port junction circulator requires the
adjustment of two counter-rotating and one in-phase field pat-
terns [1]-[3]. In the case of waveguide circulators using turnstile
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Fig. 1. Schematic diagrams of waveguide circulators using turnstile junctions.

junctions (Fig. 1), the former ones employ quarter-wave-long
resonators short-circuited at one end and-open-circuited or loaded
by an image wall at the other end, and the latter one usually
utilizes a nearly frequency independent quasi-planar resonator
which is also determined by the location of the image wall [4], [5].
The boundary conditions of the counter-rotating modes are
satisfied by establishing a magnetic wall at the terminals of the
junction, and that of the in-phase mode is met by placing an
electric wall at the same terminals. Although the adjustment of
this class. of device is fairly well understood [6]-{20], there re-
mains some uncertainty about the position of the image wall
required to reconcile both boundary conditions [6], [7], [9], [10].
This difficulty is in part due to the fact that there is still. no
analytical description of the in-phase circuit that caters for the
fringing capacitance of the resonator. The effect of a non-opti-
mum in-phase circuit on the nature of the complex gyrator circuit
of the device has been examined in [21].

The purpose of this paper is to remedy this situation by
experimentally investigating the boundary condition of the in-
phase circuit by using the unitary condition to derive four possi-
ble 1-port relationships between the reflection coefficient Sy; and
the phase angles of the in-phase and degenerate eigenvalues 6,
and 6,. One important conclusion of this work is that the filling
factors of the single and coupled disk resonators’ geometries are
all but identical. The experimental relationship between the fill-
ing factor and radial wavenumber for both structures may there-
fore be represented by a single polynomial approximation. The
data obtained here is in keeping with the semi-empirical upper
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